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Abstract

In an optical fiber system with both birefringence and polarization-dependent loss or gain (PDL/G), a set of input polarization states
and their corresponding outputs are deduced to fulfill some general relationships in Stokes space, by considering the fact that the Mueller
matrix of such an optical fiber system meets Lorentz transformation. Then, it can be proven that the minimum number of input polar-
ization states is three for an explicit determination of such a Mueller matrix and no independent input parameter is redundant. Based on
the theoretical findings, a general and simple approach is proposed to measure the Mueller matrix. The requirements regarding the
choices of three inputs are presented for achieving optimum measurement stability and accuracy. Experimental results on an optical fiber
system, formed by two 10-km long single-mode fibers with an optical isolator in between, show excellent agreement with the theory.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Polarization effects, such as polarization-dependent loss
or gain (PDL/G) and polarization mode dispersion (PMD)
are demonstrated to have significant impact on an optical
fiber system [1,2]. As we know, polarization state of a light
is completely described by 4 Stokes parameters, and polar-
ization properties of a non-image-forming optical system
can be completely represented by a 4 · 4 Mueller matrix
which relates the input and output Stokes parameters of
light [3]. Measurement of Mueller matrix for an optical
fiber system is therefore of high importance for the investi-
gation of PMD and PDL/G in optical fibers. In an optical
system with pure birefringence, Mueller matrix only has 3
degrees of freedom (DOFs), which represent three rota-
tions in Stokes space. Optical power and degree of polari-
zation (DOP) are not changed for a light passing through
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such a system. Further, it has been noticed that the dot
product of two 3-dimensional (3D) Stokes vectors and
the scalar triple product (representing 3D volume) of three
3D Stokes vectors are conservative in a pure birefringent
optical system. The conservation of the dot product as well
as 3D volume has been used to measure Mueller matrices
of single-mode optical fibers employing two input polariza-
tion states, and in turn to determine the first- and second-
order PMD vectors [4]. In the most general case, 16 ele-
ments in the 4 · 4 Mueller matrix are independent. Such
a Mueller matrix includes three basic polarization effects:
birefringence (retardance), PDL/G (diattenuation) and
depolarization [5]. It is very difficult, if not impossible, to
find any relationships between input and output Stokes
parameters for a system with 16 DOFs. So four input
polarization states (corresponding to 16 independent
parameters) have to be used to measure such a Mueller
matrix. For an optical fiber system with both birefringence
and PDL/G, it has been pointed out that there are 7 DOFs
in such a system, including three rotations (corresponding
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to birefringence), three boost actions (corresponding to
PDL/G) and one length compression/expansion (corre-
sponding to attenuation/gain for unpolarized light) [5]. It
can be verified that in such a system the optical power
and DOP (unless DOP = 1) are no longer conservative
[6]. For the determination of transmission matrix in such
an optical system, R.C. Jones gave a method for measure-
ment of the Jones matrix in 1940s using three well-defined
input polarization states (1 0 0)T, (�1 0 0)T and (0 1 0)T [7],
and the Jones matrix can be then converted to Mueller
matrix based on their relations [3]. Recently we proposed
a method to measure Mueller matrix of such an optical
fiber system directly in Stokes space also using three
above-mentioned well-defined input polarization states
[8]. However, in [8], the choices of three inputs were not
optimized for achieving the optimum measurement accu-
racy as well as measurement stability against various envi-
ronmental perturbations. To solve this problem, in this
paper, we first derive some relationships between a set of
input polarization states and their corresponding outputs
for such a system based on the Lorentz Group property
of Mueller matrix. Based on these relationships, it is pro-
ven that three input polarization states are sufficient but
not redundant for the measurement of Mueller matrix.
Then, we propose a general method employing three arbi-
trary input polarization states to measure the Mueller
matrix. The conditions on the three inputs under which
the method is stable and has the optimum accuracy are pre-
sented in the Appendix. Experimental results on an optical
fiber system composed of single-mode fibers and optical
isolator confirm the validity of our theoretical findings.
2. Relationships between input polarization states and their

corresponding outputs

It has been pointed out theoretically and demonstrated
experimentally that Mueller matrix of an optical system
with both birefringence and PDL/G satisfies the Lorentz
transformation, i.e., Lorentz Group O(3,1) [9,10]. It is
therefore convenient to discuss the polarization issues in
the 4-dimensional (4D) Minkowski space. Much like those
in the Special Relativity [11], the 4 Stokes parameters are
rewritten as a 4D complex vector ~S ¼ ðis0 s1 s2 s3ÞT, where
i ¼

ffiffiffiffiffiffiffi
�1
p

and superscript T denotes matrix transposition.
Complex number is used as a complex matrix is more
appropriate to describe a Lorentz transformation. Then
the traditional 4 · 4 Mueller matrix M is rewritten as

fM ¼

m11 im12 im13 im14

�im21 m22 m23 m24

�im31 m32 m33 m34

�im41 m42 m43 m44

0BBB@
1CCCA: ð1Þ

It can be noted that jfMj ¼ jMj, where |Æ| denotes the deter-
minant of a square matrix or the magnitude of a 3D vector.
Based on this expression, new Mueller matrix fM, as a di-
rect property of Lorentz Group, should meet [10,12]
fMTfM ¼
ffiffiffiffiffiffiffiffi
jfMjq

I: ð2Þ

Here I is an 4 · 4 identity matrix.
From Eq. (2), two pairs of inputs and outputs ~Sout ¼fM~Sin and ~T out ¼ fM~T in should fulfill

~Sout �~T out ¼
ffiffiffiffiffiffiffiffi
jfMjq

~Sin �~T in: ð3Þ

A simple case of Eq. (3) is [12]

~Sout �~Sout ¼
ffiffiffiffiffiffiffiffi
jfMjq

~Sin �~Sin: ð4Þ

In an optical system where only birefringence exists, the
scalar triple product of three 3D vectors (3D volume) is
conservative, which describes the handedness (chirality)
of the system. In analogy, a factor that denotes the hand-
edness of an optical system with both birefringence and
PDL/G should be found out. Similar to the definition of
scalar triple product, the scalar quadruple product (4D vol-

ume) of four 4D Stokes vectors ~S;~T ; ~U ; ~V is defined as

Vol4D ¼

is0 s1 s2 s3

it0 t1 t2 t3

iu0 u1 u2 u3

iv0 v1 v2 v3

���������

���������: ð5Þ

Based on Eq. (2), it can be demonstrated that

Volout
4D ¼ jfMjVolin

4D: ð6Þ
3. The minimum number of input polarization states for

determination of a Mueller matrix

In [8], it has been known that three well-defined input
polarization states are enough to measure Mueller matrix.
But it is still questionable if three arbitrary input polariza-
tion states are sufficient. And if the answer is yes, is any of
them redundant? The answer depends on the relationships
which have been derived in Section 2. In this section, we
strictly prove that three arbitrary inputs are sufficient to
measure Mueller matrix and no input parameters are
redundant.

A 4D Stokes vector should have 4 independent parame-
ters, thus 3 inputs generate 12 DOFs in general. But some
DOFs will be cancelled out due to symmetric property of
the optical system. Assuming there are three inputs ~Sin;

~T in; ~U in and their corresponding outputs ~Sout; ~T out; ~U out,
based on Eq. (3), three equations are obtained as

~Sout �~T out ¼
ffiffiffiffiffiffiffiffi
jfMjq

~Sin �~T in;

~Sout � ~U out ¼
ffiffiffiffiffiffiffiffi
jfMjq

~Sin � ~U in;

~U out �~T out ¼
ffiffiffiffiffiffiffiffi
jfMjq

~U in �~T in:

8>>>><>>>>: ð7Þ

Then three Mueller-matrix-independent equations in turn
are deduced from Eq. (7)
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ð~Sin � ~U inÞð~Sout �~T outÞ ¼ ð~Sin �~T inÞð~Sout � ~UoutÞ;
ð~U in �~T inÞð~Sout �~T outÞ ¼ ð~Sin �~T inÞð~Uout �~T outÞ;
ð~U in �~T inÞð~Sout � ~UoutÞ ¼ ð~Sin � ~U inÞð~U out �~T outÞ:

8><>: ð8Þ

In Eq. (8), the third equation can be derived by using oth-
ers, hence only two equations are independent. This implies
that there are only 10 DOFs left now. In the remaining part
of this section, we will consider four combinations of three
input polarization states.

(1) Three completely polarized inputs
It has been known that the output is also completely
polarized for an optical system with both birefrin-
gence and PDL/G subjecting to a completely polar-
ized input [6]. This means that 3 DOFs will not
take effect among three inputs; therefore only 7 DOFs
exist for three completely polarized inputs. As has
been mentioned in Section 1, the Mueller matrix
has also 7 DOFs. Hence the Mueller matrix can be
determined explicitly with three completely polarized
inputs and there are no any redundant independent
input parameters.

(2) Two completely polarized and one partially polarized

(including unpolarized) inputs

For two completely polarized inputs, 2 DOFs are
cancelled out and hence only 8 DOFs are left for this
combination of inputs. Assuming ~Sin is the partially
polarized input, from Eqs. (4) and (7), two Mueller-
matrix-independent equations are formed

ð~Sin �~SinÞð~Sout �~T outÞ ¼ ð~Sin �~T inÞð~Sout �~SoutÞ;
ð~Sin �~SinÞð~Sout � ~U outÞ ¼ ð~Sin � ~U inÞð~Sout �~SoutÞ:

(
ð9Þ

Only one equation is independent in Eq. (9), which may be
confirmed by comparing Eq. (9) and the first equation of
Eq. (8). Effectively this reduces the number of DOF to 7.

(3) One completely polarized and two partially polarized

(including unpolarized) inputs

For one completely polarized input, 1 DOF is can-
celled out and then 9 DOFs are left for three inputs.
Assuming ~Sin and ~T in are the partially polarized
inputs, also from Eqs. (4) and (7), there are four
Mueller-matrix-independent equations

ð~Sin �~SinÞð~Sout �~T outÞ ¼ ð~Sin �~T inÞð~Sout �~SoutÞ;
ð~Sin �~SinÞð~Sout � ~UoutÞ ¼ ð~Sin � ~U inÞð~Sout �~SoutÞ;
ð~T in �~T inÞð~Sout �~T outÞ ¼ ð~Sin �~T inÞð~T out �~T outÞ;
ð~T in �~T inÞð~T out � ~UoutÞ ¼ ð~T in � ~U inÞð~T out �~T outÞ:

8>>>><>>>>: ð10Þ

Also by comparing with Eq. (8), only two equations in Eq.
(10) are independent. That is, Eq. (10) cancels out two DOFs.
Again, 7 DOFs are left for this combination of inputs.

(4) Three partially polarized (including unpolarized)

inputs

Six Mueller-matrix-independent equations can be
obtained from Eqs. (4) and (7) in this case as
ð~Sin �~SinÞð~Sout �~T outÞ ¼ ð~Sin �~T inÞð~Sout �~SoutÞ;
ð~Sin �~SinÞð~Sout � ~U outÞ ¼ ð~Sin � ~U inÞð~Sout �~SoutÞ;
ð~T in �~T inÞð~Sout �~T outÞ ¼ ð~Sin �~T inÞð~T out �~T outÞ;
ð~T in �~T inÞð~T out � ~U outÞ ¼ ð~T in � ~U inÞð~T out �~T outÞ;
ð~U in � ~U inÞð~Uout �~SoutÞ ¼ ð~U in �~SinÞð~U out � ~U outÞ;
ð~U in � ~U inÞð~Uout �~T outÞ ¼ ð~U in �~T inÞð~U out � ~UoutÞ:

8>>>>>>>>><>>>>>>>>>:
ð11Þ

By comparing with Eq. (8), three equations in Eq. (11) are
found to be independent. So Eq. (11) cancels out three
DOFs, which also results in 7 DOFs.

From the above analysis, one conclusion can be drawn
that three arbitrary input polarization states are sufficient
but not redundant for the determination of Mueller matrix.
In fact, it also can be demonstrated that two input polari-
zation states only generate six independent input parame-
ters in such an optical system by following a similar
analysis. Hence we can not use only two input polarization
states to determine the Mueller matrix in an optical fiber
link with PDL/G.
4. Measurement of Mueller matrix

As demonstrated in Section 3, at least three inputs have
to be used to measure Mueller matrix, and seven indepen-
dent equations can be obtained from three input–output
pairs. Apart from these, nine independent bilinear equa-
tions have been proposed to express relations of Mueller
matrix elements based on Mueller matrix’s property [12].
Then an equation group consisting of 16 independent equa-
tions can be solved to determine all elements of the Mueller
matrix in principle. However, such method will lead to
complicated calculations since some equations are nonlin-
ear [12]. To better tackle this problem, three arbitrary

inputs ~Sin; ~T in; ~U in are launched and their corresponding

outputs~Sout; ~T out; ~Uout are measured in the first step. Then

we can calculate (not measure) any other output ~V out cor-
responding to an arbitrarily assumed input ~V in according
to the following steps:

(1) By using Eq. (3) and two measured input–output

pairs,

ffiffiffiffiffiffiffiffi
jfMjq

is obtained;

(2) From Eqs. (3) and (6), four linear independent equa-
tions are obtained as

~Sout � ~V out ¼
ffiffiffiffiffiffiffiffi
jfMjq

~Sin � ~V in;

~T out � ~V out ¼
ffiffiffiffiffiffiffiffi
jfMjq

~T in � ~V in;

~U out � ~V out ¼
ffiffiffiffiffiffiffiffi
jfMjq

~U in � ~V in;

Volout
4D ¼ jfMjVolin

4D:

8>>>>>>><>>>>>>>:
ð12Þ

By solving Eq. (12), ~V out can be calculated. The condition
that Eq. (12) can be solvable is



ut2 ¼ �
isout0 sout1 sout3

itout0 tout1 tout3

iuout0 uout1 uout3

�������
������� and Aout3 ¼

isout0 sout1 sout2

itout0 tout1 tout2

iuout0 uout1 uout2

�������
�������:

H. Dong et al. / Optics Communications 274 (2007) 116–123 119
isout0 sout1 sout2 sout3

itout0 tout1 tout2 tout3

iuout0 uout1 uout2 uout3

Aout0 Aout1 Aout2 Aout3

���������

��������� ¼ A2
out0 þ A2

out1 þ A2
out2 þ A2

out3 6¼ 0:

ð13Þ

Here

Aout0 ¼ �
sout1 sout2 sout3

tout1 tout2 tout3

uout1 uout2 uout3

�������
�������; Aout1 ¼

isout0 sout2 sout3

itout0 tout2 tout3

iuout0 uout2 uout3

�������
�������; Ao

This is the direct requirement regarding the output polari-
zation states. As for the input polarization states, we can
prove in Appendix that: (1) Eq. (12) can be solved when
the three 3D input Stokes vectors are not linearly super-
posed in Stokes space if all inputs are completely polarized;
(2) The optimum accuracy of Eq. (12) will be achieved
when the three 3D input Stokes vectors are coplanar, the
angles between each other are 120� and all inputs are com-
pletely polarized.

The above discussion means that if three input–output
pairs are known by measurement, any other input–output
pair can be calculated. Because all equations in Eq. (12)
are linear, the calculation will be simple. Previously, people
has used four pre-determined inputs to measure Mueller
matrix, which are I0ð1 1 0 0ÞT; I0ð1 �1 0 0ÞT; I0ð1 0 1 0ÞT
and I0ð1 0 0 1ÞT (I0 is the input optical power) [13]. In our
method, firstly, three outputs~Sout; ~T out; ~Uout corresponding
to three inputs~Sin; ~T in; ~U in are measured. Then four outputs
I1ð1 a1 a2 a3ÞT; I2ð1 b1 b2 b3ÞT; I3ð1c1 c2 c3ÞT and I4ð1d1 d2 d3ÞT
corresponding to the above-mentioned four pre-determined

inputs are calculated using Eq. (12). Finally the Mueller
matrix under investigation can be achieved using the follow-
ing formula
M ¼

1
2

I1

I0
þ I2

I0

� �
1
2

I1

I0
� I2

I0

� �
I3

I0
� 1

2
I1

I0
þ I2

I0

� �
I4

I0
� 1

2
I1

I0
þ I2

I0

� �
1
2

a1I1

I0
þ b1I2

I0

� �
1
2

a1I1

I0
� b1I2

I0

� �
c1I3

I0
� 1

2
a1I1

I0
þ b1I2

I0

� �
d1I4

I0
� 1

2
a1I1

I0
þ b1I2

I0

� �
1
2

a2I1

I0
þ b2I2

I0

� �
1
2

a2I1

I0
� b2I2

I0

� �
c2I3

I0
� 1

2
a2I1

I0
þ b2I2

I0

� �
d2I4

I0
� 1

2
a2I1

I0
þ b2I2

I0

� �
1
2

a3I1

I0
þ b3I2

I0

� �
1
2

a3I1

I0
� b3I2

I0

� �
c3I3

I0
� 1

2
a3I1

I0
þ b3I2

I0

� �
d3I4

I0
� 1

2
a3I1

I0
þ b3I2

I0

� �

0BBBBBBBB@

1CCCCCCCCA
: ð14Þ

Tunable Laser 

Source

Computer- 

controlled PC
In-line

Polarimeter

Fiber Under 

Test
Polarimeter

Computer

Fig. 1. Experimental configuration for Mueller matrix measurement in an
optical fiber system.
This is a general approach, which can employ three
arbitrary inputs in principle. But its accuracy is affected
by various errors induced by equipments and fiber system
under test. The optimum accuracy depends on the choice
of three inputs in real measurements. The accuracy of Eq.
(14) completely relies on the accuracy of four calculated
outputs corresponding to four pre-determined inputs; and
finally in turn totally depends on the choice of
~Sin; ~T in; ~U in in Eq. (12). We have derived in the Appendix
the conditions for solving Eq. (12) and also for achieving
the optimum accuracy. It should be noticed that the con-
ditions are also the requirements for the overall Mueller
matrix method to be valid.
5. Experimental setup and results

To verify the proposed theory and measurement
method, an experimental setup is established as shown in
Fig. 1. The fiber system under test (FUT) is composed of
two 10-km single-mode fibers (SMF), with an optical isola-
tor in between. Such system has both birefringence (in
SMF) and PDL (in optical isolator). The tunable laser
source emits completely polarized light with stable polari-
zation state as well as 700 kHz linewidth. The computer-
controlled polarization controller (PC) as well as the in-line
polarimeter are used to generate and monitor the appropri-
ate input Stokes parameters. The polarimeter in the end is
used to measure the output Stokes parameters. Two pola-
rimeters we used are Thorlabs IPM5300 with polarization
state accuracy of ±0.25� on Poincaré sphere and relative
power measurement accuracy of ±0.01 dB. All components
except FUT are controlled by a computer through GPIB
port, USB port and I/O card. A measurement software is
also developed based on this configuration.

To verify the above-mentioned theory, the experiments
are implemented in two steps. Firstly four pre-determined
inputs I0ð1 1 0 0ÞT; I0ð1 � 1 0 0ÞT; I0ð1 0 1 0Þ T
; I0ð1 0 0 1ÞT

(I0 ¼ 2 mW in our experiments) are generated one by one
using the PC and in-line polarimeter and the corresponding
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Fig. 2. Measured and calculated output Stokes parameters corresponding to four pre-determined inputs: (a) input polarization state (1 1 0 0); (b) input
polarization state (1 �1 0 0); (c) input polarization state (1 0 1 0); (d) input polarization state (1 0 0 1).
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outputs are measured as the benchmark. In the second
step, according to the requirements for the optimum accu-
racy, three inputs I0ð1 1 0 0ÞT; I0ð1 �0:5 0:866 0ÞT and
I0ð1 �0:5 �0:866 0ÞT are generated one by one, also using
the PC and in-line polarimeter, and the corresponding out-
puts are measured. Then the theoretical outputs corre-
sponding to the above four pre-determined inputs are
calculated from the measured data of three input–output
pairs one by one using Eq. (12). Finally the measured
and calculated four output Stokes parameters are com-
pared in the wavelength range from 1540 to 1560 nm with
1 nm step size in Fig. 2.

It is obvious that the calculated results are in excellent
agreement with the measured ones. The maximum relative
difference between calculated and measured Stokes param-
eters is less than 1.5%. Without doubt, Mueller matrix can
be determined from Eq. (14) in high accuracy using these
calculated data. Since the Mueller matrices have been mea-
sured, the PDL can be calculated using

PDL ¼ 10 log
m11þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

12
þm2

13
þm2

14

p

m11�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

12
þm2

13
þm2

14

p [14], and the results are

shown in Fig. 3.
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6. Conclusion

We studied the relationships between a set of input
polarization states and their corresponding outputs based
on the fact that Mueller matrix for an optical fiber system
with both birefringence and PDL/G meets the Lorentz
transformation. Based on these relationships, we can
measure Mueller matrix using three arbitrary inputs,
which are sufficient but not redundant. Because the mea-
surement accuracy is affected by various errors in real
tests, the requirements regarding three inputs for the opti-
mum accuracy are theoretically demonstrated. Experi-
mental results on an optical fiber system consisting of
SMFs and an optical isolator confirm the validity of
our theory.
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Appendix A

In this appendix, the solvable condition and the condi-
tion for the optimum accuracy of Eq. (12) will be
discussed.

Eq. (13) gives the direct condition that Eq. (12) can be
solved, which is that the determinant of the coefficient
matrix cannot be equal to 0. And inversely we can consider
the condition for the optimum accuracy is that the absolute
value of this determinant can be up to its maximum.
Because Eq. (13) only indicates the requirements of the out-
put Stokes parameters, we have to find the requirement of
the input Stokes parameters at first. From Eq. (12), we
have
isout0 sout1 sout2 sout3

itout0 tout1 tout2 tout3

iuout0 uout1 uout2 uout3

Aout0 Aout1 Aout2 Aout3

0BBB@
1CCCA

ivout0

vout1

vout2

vout3

0BBB@
1CCCA ¼ ffiffiffiffiffiffiffiffi

jMj
p isin0 sin1 sin2 sin3

itin0 tin1 tin2 tin3

iuin0 uin1 uin2 uin3ffiffiffiffiffiffiffiffi
jMj

p
Ain0

ffiffiffiffiffiffiffiffi
jMj

p
Ain1

ffiffiffiffiffiffiffiffi
jMj

p
Ain2

ffiffiffiffiffiffiffiffi
jMj

p
Ain3

0BBB@
1CCCA

ivin0

vin1

vin2

vin3

0BBB@
1CCCA: ðA1Þ
Take the notations that
Fout ¼

isout0 sout1 sout2 sout3

itout0 tout1 tout2 tout3

iuout0 uout1 uout2 uout3

Aout0 Aout1 Aout2 Aout3

0BBB@
1CCCA; Fin ¼

isin0 sin1 sin2 sin3

itin0 tin1 tin2 tin3

iuin0 uin1 uin2 uin3

Ain0 Ain1 Ain2 Ain3

0BBB@
then Fout
~V out ¼

ffiffiffiffiffiffiffiffi
jMj

p eF in
~V in. Due to ~V out ¼M~V in, we have

FoutM~V in ¼
ffiffiffiffiffiffiffiffi
jMj

p eF in
~V in: ðA2Þ

Because ~V in can be arbitrary, the square matrices on the left
and right sides must be equal

FoutM ¼
ffiffiffiffiffiffiffiffi
jMj

p eF in: ðA3Þ
Finally we obtain a relation as

jFoutj ¼ jMj ~Fin

�� �� ¼ jMj32jFinj: ðA4Þ

Based on Eq. (A4), we can study the above-mentioned con-
ditions using the inputs if we consider the matrix determi-
nant as the criteria. By calculation, we can obtain

jFinj ¼ s2
in0t2

in0u2
in0f½bS in � ðbT in � bU inÞ�2 � jðbT in � bS inÞ

� ð bU in � bS inÞj2g: ðA5Þ

Here ‘‘^’’ indicates a normalized 3-D Stokes vector. In
Fig. A1, we show the geometrical meaning of Eq. (A5).
The first item inside the bracket of Eq. (A5) stands for
the square of the volume of a parallelepiped composed ofbS in, bT in and bU in; the second item denotes the 4-time value
of the square of the area of the triangle shadowed in the
figure.
A.1. The solvable condition

The solvable condition of Eq. (12) is jFoutj 6¼ 0, viz.,
jFinj 6¼ 0 which can be observed from Eq. (A4). From Eq.
(A5), we know there are two cases that jFinj is possible to
be equal to 0, which are discussed as below.

(1) bS in � ðbT in � bU inÞ ¼ 0 and ðbT in � bS inÞ � ð bU in � bS inÞ ¼ 0

From the first equation, we know bS in, bT in and bU in are
coplanar in Stokes space. In this case, we know the
second equation stands for the shadow area in
Fig. A2. Then
1CCCA and eFin ¼

isin0 sin1 sin2 sin3

itin0 tin1 tin2 tin3

iuin0 uin1 uin2 uin3ffiffiffiffiffiffiffiffi
jMj

p
Ain0

ffiffiffiffiffiffiffiffi
jMj

p
Ain1

ffiffiffiffiffiffiffiffi
jMj

p
Ain2

ffiffiffiffiffiffiffiffi
jMj

p
Ain3

0BBB@
1CCCA;
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Fig. A1. Geometrical meaning of Eq. (A5).
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Fig. A2. Geometrical meaning of Eq. (A6).
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Fig. A3. Geometrical relations under condition 2.

inT̂ inÛ
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Fig. A4. Geometrical relations of three normalized inputs for optimum
accuracy.
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jFinj ¼ �4s2
in0t2

in0u2
in0ðArea of the shadow regionÞ2: ðA6Þ

So in this case, when the area of the shadow region is
zero, Eq. (12) can not be solved. This will happen whenbT in � bS in is parallel to bU in � bS in. While the inputs are
completely polarized lights, which are typically used
in real measurements, the condition becomes the three
inputs can not be linearly superposed.

(2) jbS in � ðbT in � bU inÞj ¼ jðbT in � bS inÞ � ð bU in � bS inÞj

We can easily derive bS in � bðbT in � bS inÞ � ð bU in � bS inÞc
¼ bS in � ðbT in � bU inÞ. This means two relations must be

satisfied as: jbS inj ¼ 1 and bS in is parallel to

ðbT in � bS inÞ � ð bU in � bS inÞ (Viz., bS in is orthogonal tobT in � bS in and bU in � bS inÞ. In Fig. A3, it is easily

observed that jbT inj and j bU jin will larger than 1 under
such relations. But this is impossible. So jFinj will
not be 0 in this case.

In conclusion, the solvable condition for Eq. (12) is the
three inputs are not linearly superposed in Stokes space
while they are completely polarized.
A.2. The condition for optimum accuracy

We consider the condition for optimum accuracy is that
the absolute value of the determinant achieves its maxi-
mum. Based on Eq. (A4), absðjFoutjÞ and absðjFinjÞ reach
their maximum simultaneously.

From Eq. (A5), we easily know if one item inside the
bracket is equal to 0, and another item is up to its maxi-
mum value at the same time, absðjFinjÞ reaches its
maximum.

(1) bS in � ðbT in � bU inÞ ¼ 0

Now bS in, bT in and bU in are coplanar, and then

absðjFinjÞ ¼ s2
in0t2

in0u2
in0jðbT in � bS inÞ � ð bU in � bS inÞj2:

ðA7Þ
By calculation, we easily confirm jðbT in � bS inÞ� ð bU in�bS inÞj2 will achieve its maximum value in this case. The
requirements are that bS in, bT in and bU in are with 120
degrees between them, and their magnitudes are equal
to 1, as shown in the Fig. A4.
At present, we easily obtain that absðjFinjÞ ¼
63

4
s2

in0t2
in0u2

in0. As a comparison, absðjFinjÞ¼4s2
in0t2

in0u2
in0

when three inputs are ð1 0 0ÞT; ð�1 0 0ÞT and ð0 1 0ÞT.
(2) ðbT in � bS inÞ � ð bU in � bS inÞ ¼ 0

In this case, we already know bS in � bðbT in � bS inÞ�
ð bU in � bS inÞc ¼ bS in� ðbT in � bU inÞ. If ðbT in � bS inÞ�
ð bU in � bS inÞ ¼ 0, then bS in � ðbT in � bU inÞ ¼ 0. So

absðjFinjÞ ¼ s2
in0t2

in0u2
in0absf½bS in � ðbT in � bU inÞ�2g ¼ 0.

In conclusion, the maximum value will be achieved
when bS in, bT in and bU in are coplanar, their angles between
each other are 120� and their magnitudes are equal to 1.
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